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It is shown that strongly correlated electrons on frustrated lattices like pyrochlore, checkerboard or kagome`
lattice can lead to the appearance of closed and open strings. They are resulting from nonlocal subsidiary
conditions which propagating strongly correlated electrons require. The dynamics of the strings is discussed
and a number of their properties are pointed out. Some of them are reminiscent of particle physics.
PACS numbers: 05.30.-d, 71.27.+a 05.50.+q
Strongly correlated electrons are a subject of intense inves-
tigation by many theory groups. Part of that big interest is due
to the fact that the corresponding materials have often phys-
ical properties which make them attractive for applications.
The high-Tc superconducting cuprates [1, 2, 3] are perhaps the
most prominent examples. But also materials with a giant or
collosal magnetoresistance like the manganites have strongly
correlated conduction electrons [4, 5, 6]. Other common ex-
amples include 4f and 5f electron systems with heavy quasi-
particles at low temperatures [7, 8], although here the practical
use of those materials is less obvious.
Distinct from possible practical uses strongly correlated
electron systems are challenging many-body systems which
are of basic interest, because techniques for dealing with them
must be developed which may apply also to other strong cou-
pling theories. We speak of strongly correlated electrons when
the mutual Coulomb repulsion of the particles influences their
time evolution more strongly than the kinetic energy gain due
to delocalization. Hence the strong coupling character of the
many-body problem is obvious. The strong coupling limit of
an electron system depends on the type of lattice on which
the particles are moving as well as on the filling factor, i.e.,
on the ratio n of electron number L to number of lattice sites
N . In the limit in which particle hopping between sites is ne-
glected, the ground state is usually degenerate. Of special in-
terest are geometrically frustrated lattices like the pyrochlore
lattice, its two-dimensional version the checkerboard lattice or
the kagome` lattice. Here the ground state is macroscopically
degenerate for most filling factors n. Adding the dynamics to
such a system reduces the degeneracy to a small number as
examples discussed below will show.
The motion of strongly correlated particles underlies a large
number of nonlocal subsidiary conditions. They ensure that
the repulsive particle interactions which dominate the dynam-
ics remain as small as possible. It will be shown that parti-
cle propagation (worldlines) in the presence of those strong
nonlocal subsidiary conditions is equivalent to propagation
of closed (loops) or open strings, i.e., worldsheets with triv-
ial subsidiary conditions. For example, fully spin-polarized
electrons (or spinless fermions) with strong nearest-neighbor
repulsion on a pyrochlore or checkerboard lattice at half fill-
ing lead to a complete loop covering of the lattice when the
ground state is studied. The loops are obtained by connect-
ing the occupied sites of the lattice. Time evolution of loops,
i.e., worldsheets is a phenomenon akin to string theory. For a
textbook on the theory see, e.g., Ref. [9].
In the following we want to discuss the properties of closed
and open strings of some strongly correlated electron systems.
We are dealing here with a particularly simple example of a
string theory which is numerically solvable. Some of the fea-
tures it contains are also met in elementary particle physics.
That strongly correlated electrons can be related to string the-
ory albeit of a different form as considered here has been re-
alized before in connection with the fractional quantum Hall
effect. String theory realizations of the two-dimensional frac-
tional quantum Hall fluid are found, e.g., in Refs. [10, 11].
The formation of strings in certain spin models has been de-
scribed in Ref. [12].
STRINGS ON A CHECKERBOARD LATTICE
FIG. 1: Pyrochlore (above) and checkerboard lattice (below). The
latter can be considered as a projection of the former onto a plane
(from Ref. [13]).
2(a) (b)
FIG. 2: (a): Loop covering of the checkerboard plane for one of the
ground states. The loops are obtained by connecting sites occupied
by spinless fermions. The case of half filling is considered. (b): Loop
covering in the medial, i.e., square lattice. The same ground-state
configuration is shown as in (a).
FIG. 3: Continuous representation of loop dynamics due to Heff . (a):
time evolution of loops due to B processes which conserve the topol-
ogy. (b-d): the same for A processes where Heff induces three kinds
of topological changes [14].
The checkerboard lattice can be considered as the two-
dimensional version of a pyrochlore lattice. A pyrochlore lat-
tice consists of corner sharing tetrahedra. Each lattice site has
six nearest neighbors and the same holds true for the checker-
board lattice (see Fig. 1).
We consider spinless (or fully spin polarized) fermions and
half-filling n = 1
2
, i.e., there are twice as many lattice sites N
(a) (b)
FIG. 4: When an energy ∆E > V is added to the system a loop is
broken and an open string is generated. Thereby one end of the string
is touching a closed loop. (a): medial lattice with the string shown
by a black line. (b): time evolution in a continuous representation.
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FIG. 6: Example of a ground-state configuration of spinless fermions
at half filling of a pyrochlore lattice (a) and shown for the medial, i.e.,
diamond lattice (b). Here particles sit on links of the lattice structure.
than there are particles. Thus we concentrate exclusively on
charge degrees of freedom. The Hamiltonian is
H = −t
∑
〈ij〉
(
c+i cj +H.c.
)
+ V
∑
〈ij〉
ninj (1)
with ni = c+i ci and 〈ij〉 denoting pairs of neighboring sites.
We assume strong coupling, i.e., V ≫| t |. In the absence of
hopping (t = 0) the ground state is macroscopically degener-
ate with degeneracy Ndeg ≃
(
4
3
) 3
4
N [15]. Each of the ground
states minimizes the repulsive energy V by having two occu-
pied and two empty sites on each of the crisscrossed squares
(”tetrahedra”). This is the so-called ”tetrahedron rule” [16].
By connecting nearest-neighbor occupied sites and applying
periodic boundary conditions loops are formed. The above
subsidiary conditions lead to a macroscopic loop covering of
the plane for each of the ground states. For an example see
Fig. 2a (each tetrahedron is touched by exactly one loop).
In order to lift the high degeneracy of the ground state by
the dynamics of the system represented by t, it does not suf-
fice to go to order t2/V . In that order dynamical processes
contribute equally to all ground states. But the extensive de-
generacy is lifted in order t3/V 2. To that order the effective
Hamiltonian becomes [17]
3Heff =
12t3
V 2
∑
c+j6c
+
j4
c+j2cj5cj3cj1 (2)
where the sum is over all hexagons. The subscripts j1, ..., j6
label the six sites of hexagon j. The effective Hamiltonian
describes ring hopping on hexagons. It connects different
ground states. In order to discuss the remaining degeneracy
as well as the properties of strings it helps to go over to the
medial lattice which here is the square lattice. It is obtained
from the checkerboard lattice by connecting the centers of the
crisscrossed squares. In the medial lattice particles sit on links
between sites. For illustration a ground-state configuration in
the medial lattice is shown in Fig. 2b.
The Hamiltonian (2) for the medial lattice is then written in
a pictorial representation [14] as
Heff = g
∑
{ , }
(∣∣
b
b
b
〉〈
b
b
b
∣∣− ∣∣ bb bb 〉〈 bbb b ∣∣)
= g
∑
{ , }
(∣∣A〉〈A∣∣− ∣∣B〉〈B∣∣) (3)
with g = 12t
3
V 2
. The two ring-hopping processes differ with
respect to the site in the center of the flipable plaquette. It is
either empty (process A) or occupied (process B). For iden-
tification of conserved quantities we divide the links of the
square lattice into four sublattices 1, ..., 4. It is seen imme-
diately that Heff conserves the total number of particles (loop
segments) on each sublattice N1, ..., N4. Moreover N1 −N3
and N2 − N4 are also conserved. Note that the latter two
quantities are also conserved when higher order processes in
t/V are included while that is not the case for N1, ..., N4 sep-
arately. The quantities (N1 −N3) and (N2 −N4) are related
to the gradients χx and χy of a height field h(x, y) [18]. A
height representation does apply here since the Hilbert space
on which Heff acts is equivalent to that of the six-vertex model
[19].
Returning to (3) we note that the sign of g is unimportant
since it can always be changed by a proper gauge transforma-
tion of the basis states [14]. The relative sign in (3) results
from a difference in the occupation of the central site of the
plaquette, when A and B processes are accounted for. But as
pointed out in Ref. [10] also that sign can be changed by a spe-
cial gauge transformation so that we do not face here the well-
known fermionic sign problem. While processes of the form
| B〉〈B¯ | in Heff do not change the topology of a closed string
(loop) configuration processes of the form | A〉〈A¯ | do so. As
discussed in Ref. [10] one loop can go over into three separate
loops or two loops inside a third one and vice versa. Also two
separate loops can go over into one loop inside a second one
and vice versa. When the time evolution exp[−iτHeff ] of the
loops is considered one obtains world sheets instead of world
lines. Because of the square lattice structure spatial changes
are discretize. When the continuum limit is taken the loops
or closed strings show a time evolution which has the form of
world sheets and is schematically shown in Fig. 3. While Fig.
3a correspondents to B processes, Figs. 3b-d result from A
processes. The fluctuating loops depicted in that figure repre-
sent the ground state or the vacuum state of the system. It has
been calculated before for finite systems by numerical meth-
ods and is well known [20].
Next we consider the case when an energy ∆E is added
to the vacuum. When ∆E > V a loop is broken up and an
open string is created. One end of the string is touching a
closed loop while the other end is open. At those two points
the tetrahedron rule is broken. In the original checkerboard
lattice they correspond to crisscrossed square with three par-
ticles and with one particle only. Thus at the two ends of the
string the charges are e
2
and − e
2
. We may speak also of a
particle-antiparticle pair production (see [21]). A broken loop
on the medial lattice is shown in Fig. 4a by the black line. The
time evolution of a configuration with loop breaking is shown
in Fig. 4b when again the continuous limit is taken.
It was demonstrated in [20] that a particle pair with charge
+ e
2
,− e
2
is confined by a constant confining force. This is rem-
iniscent of quarks. Thus a tension T must be associated with
the string connecting the two fractions. The string tension was
determined to be T = 0.2 | g |. When a fractionally charged
pair is pulled apart so that the confining energy exceeds the
threshold value ∆E = V , a new particle-antiparticle pair with
e
2
,− e
2
is generated out of the vacuum. This way the energy is
lowered. Note the analogy to the generation of µ mesons, i.e.,
quark-antiquark production in QCD [21]. Pumping an energy
∆E = nV into the system generates n pairs with fractional
charge e
2
,− e
2
. They can combine to form new pairs e
2
, e
2
and
− e
2
,− e
2
, depending on relative distances of the constituents.
Note that a string with charges + e
2
,+ e
2
at its ends is touching
two closed loops while a string with charges − e
2
,− e
2
at its
end is not touching any loops. For a better visualization this is
shown in Fig. 5a for two pairs the medial square lattice. The
corresponding time evolution of those two pairs
(
e
2
, e
2
)
and(
− e
2
,− e
2
)
is schematically indicated in Fig. 5b.
It should be realized that one must distinguish between two
types of pairs
(
e
2
, e
2
)
and likewise
(
− e
2
,− e
2
)
. One type is
equivalent to adding or removing a spinless particle. In that
case the fractional charges must sit on different sublattices of
the checkerboard lattice. Adding a particle corresponds to
converting an empty link into an occupied one which con-
nects two loops (see Fig. 2b). Removing a particle implies
taking out a loop segment. In both cases the two lattice sites
connected by the link belong to different sublattices. We at-
tach therefore an additional colour index to the fractional par-
ticles, e.g., black or white depending on which sublattice of
the checkerboard lattice or the medial square lattice they are
situated. Pairs corresponding to electrons or holes are colour
neutral. They have equal number of black and white frac-
tional parts. This is the case for the pairs shown in Fig. 5.
When pairs
(
e
2
, e
2
)
or
(
− e
2
,− e
2
)
are not colour neutral they
can not reduce to an electron or hole. Instead they have al-
ways at least one string between the two constituents. Their
4energy is higher than the one of an electron or hole.
When due to large values of∆E the density of broken loops
and hence the generation of fractionally charged particle-
antiparticle pairs is sufficiently high, we are ending up with a
plasma consisting of particles and antiparticles with fractional
charges. Although they are still connected pairwise by strings
which act like glue (i.e., gluons), the changes of connections
take place so frequently, namely with |t| that the strings must
be also considered as part of the plasma.
As ∆E becomes very large as compared with V the signif-
icance of the tetrahedron rule decreases. Not only will there
be more and more tetrahedra generated with three particles or
one particle but also with four or zero particles. Thus a string
description looses its meaning. Instead it is more appropriate
to return to a description of the system in terms of electrons
with their correlation hole. Since the original loops are com-
pletely disrupted the kinetic processes take place on the scale
of |t| rather than |t|3/V 2.
OTHER FRUSTRATED LATTICES
(a) (b)
FIG. 7: (a): Honeycomb lattice at 1/3 filling with electrons sitting
on coloured links, with red/blue referring to spin up/down. (b): Re-
moval of an electron with spin up resulting in an open string with
charges -e/2 at each end and a net down spin. This spin is highly
nonlocal and distributed over the open string. The latter is a Heisen-
berg chain with Sz = −1/2. Figs (a) and (b) differ in addition by a
hexagon flipping process.
There exist many geometrically frustrated lattice systems.
An instructive overview is found in [22]. Two particularly
well investigated lattice types are the pyrochlore and the
kagome` lattice. As pointed out before the checkerboard lattice
and the pyrochlore lattice are closely related, one being the
two-dimensional version of the other. We consider spinless
fermions on a pyrochlore lattice at half filling described by
the Hamiltonian (1). In the absence of hopping, i.e., for t = 0
the ground state is again macroscopical degenerate. As before
we are interested in strongly correlated systems in which case
V ≫ |t|. Like in a checkerboard lattice terms of order t2/V
do not lift the degeneracy of the ground state. But terms of or-
der t3/V 2 do. Therefore an effective Hamiltonian of the form
(2) is again applicable for describing the low-energy dynam-
ics of the system. However when ring hopping takes place
there is unlike in the checkerboard lattice no site inside the
ring. This is seen explicitely by going over to the medial lat-
tice which in this case has the diamond structure. It is obtained
by connecting the clusters of neighboring tetrahedra. An ex-
ample of a configuration with a flipable hexagon in the medial
lattice is shown in Fig. 6. Thus processes of type | B〉〈B¯ |
found in configurations of the checkerboard lattice are ruled
out here. This implies that all fluctuations are accompanied
by topological changes in the loop covering. When a particle
of charge e is added to the system an unoccupied link changes
into an occupied one and the two associated sites have three
occupied links ending at them. By hopping processes of order
t the two sites with three links separate carrying a charge e
2
each. Various authors [23, 24] predict the existence of a de-
confined phase on related dimer/loop models on the diamond
lattice. This suggests that deconfined fractional charges on
the pyrochlore lattice can exist as conjectured in [25]. The
processes determining the time evolution of the strings are the
same as in Figs. 3b-d.
Of interest is also the case of 1
4
filling. The strong repul-
sions require that each tetrahedron contains one particle. Its
time evolution is governed again by (2). The associated world
lines of the particles are subject to strong nonlocal subsidiary
conditions, i.e., that every tetrahedron contains exactly one
particle. Their propagation is equivalent to that of a string net.
This is seen by connecting all empty sites and studying their
time evolution as that of a net of strings.
Next we consider a kagome` lattice at 1
3
filling with electrons
obeying an extended Hubbard Hamiltonian
H = −t
∑
〈ij〉σ
(
c+iσcjσ + h.c.
)
+V
∑
〈ij〉
ninj+U
∑
i
ni↑ni↓ .
(4)
We assume U → ∞ so that double occupancies of sites are
excluded and furthermore that V ≫| t |, i.e., that the system is
in the strong coupling limit. We eliminate U from the Hamil-
tonian by replacing H by an extended t−J Hamiltonian [26]
of the form
H˜ = −t
∑
〈ij〉
(
cˆ+iσcjσ + h.c.
)
+V
∑
〈ij〉
ninj+J
∑
〈ij〉
(SiSj − nˆinˆj) .
(5)
Here
cˆ+iσ = c
+
iσ (1− ni−σ)
cˆiσ = ciσ (1− ni−σ) (6)
act in the reduced Hilbert space, i.e., one which does not con-
tain doubly occupied sites. Furthermore nˆi =
∑
σ cˆ
+
iσ cˆiσ and
Si = (1/2)
∑
αβ cˆ
+
iασαβ cˆiβ . The σ matrices are the usual
Pauli matrices. The spin coupling constant is J = 4t
2
U
. The
large on-site repulsion U has been replaced by an effective an-
tiferromagnetic spin-spin interaction which accounts for vir-
tual hopping processes by which a site is doubly occupied for
a short time. A transformation from (4) to (5) leads to addi-
tional terms of order t2/U involving three sites, but they are
usually neglected. Clearly V ≫ J .
5The new aspect here is the inclusion of spin degrees of free-
dom. When t = 0 the ground state is again macroscopically
degenerate. Going over to the medial lattice which is the hon-
eycomb one we connect the occupied links which leads to a
loop covering of the plane. The strings forming the loops con-
sist of segments of two different colours in correspondence to
the spin of the electrons on the links. This is shown in Fig.
7a for a particular configuration. On each loop the number of
up and down spins is equal. The antiferromagnetic interaction
favors small loops since the energy per site of a Heisenberg
chain with an even number of sites increases with the chain
length [27, 28, 29]. When the dynamics is included we deal
again with ring hopping on hexagons of the form
Hhex = −g
∑
{ }{N•}
(∣∣ b u
r
〉〈 b
u
r
∣∣+ ∣∣ r b
u
〉〈 b
u
r
∣∣+H.c.)
(7)
with g = 6t3/V 2. The sum over the three symbols is
taken over all possible color (spin) combinations of a flippable
hexagons. The particles can hop either clockwise or counter-
clockwise around hexagons. These processes can lead to dif-
ferent configurations, depending on the colors (spins) of the
dimers on the hexagon. The evolution of loops with time is
the same as the one due to A processes of the checkerboard
lattice and therefore of the form shown in Figs. 3b-d. Note
that we have here in addition fluctuations of the spins of the
loop segments. By writing
J
∑
〈ij〉
(
SiSj −
nˆinˆj
4
)
= J
∑
〈ij〉
(
Szi S
z
j −
nˆinˆj
4
)
+
J
2
∑
〈ij〉
(
S+i S
−
j + S
−
i S
+
j
)(8)
we notice that due to the last term on the right-hand side
neighboring links can change spins from up-down to down-
up (see Fig. 7a).
Next let us remove one electron from the system by elim-
inating one link in a loop. This results in an open string. At
the ends of that string charges − e
2
are located. They can sep-
arate from each other due to hopping processes. An example
is shown in Fig. 7b. The open ended chain contains always
an odd number of sites. The ground state of such a Heisen-
berg chain is two-fold degenerate with total Sz = ± 12 . Which
of the two possibilities realized depends on the spin of the
removed electron. In any case, it is noticed that the spin 1
2
is
now smeared (or distributed) over the open string and is highly
nonlocal. The time evolution of the open string follows again
the ones in Figs. 3(b-d) but this time with one opened loop at
any time t.
In passing we note that it was shown in [30] that the ground
state of the system at 1
6
filling is ferromagnetic with maxi-
mum spin Stot = 12M where M is the total particle number.
It was also shown that the ferromagnetic ground state is robust
against perturbations. Due to the inclusion of spin degrees of
freedom there is now an additional lower energy scale present
which is of order J . Since we are interested here in point-
ing out the connections of strongly correlated electrons with
strings only, we defer a detailed discussion of this scale to a
future investigation.
SUMMARY
The aim of this paper has been to draw attention to the fact
that in strongly correlated electron systems on frustrated lat-
tices the dynamics of the system is given by that of closed and
open strings. For simplicity we have assumed in the larger part
of the paper that the electrons are fully spin polarized or spin-
less. That enabled us to focus on charge degrees of freedom.
At particular lattice filling factors, the ground state of the sys-
tem consists of fluctuating loops which cover completely the
lattice. The strings are a direct consequence of strong non-
local subsidiary conditions. In the case of a pyrochlore or
checkerboard lattice they take the form of a tetrahedron rule
which ensures that nearest-neighbor repulsions of fully polar-
ized electrons remain as small as possible. The time evolution
of strings results in world sheets instead of world lines. The
dynamics caused by the kinetic energy reduces in the strong-
coupling limit considered here to ring hopping processes. This
assumes special filling factors like the one mainly considered
here of one half.
Dynamical fluctuation lead not only to deformations of
loops but also to loop formations of different topologies. In
the continuum limit, which we consider here, the discrete lat-
tice structure is ignored and enters only in form of the dy-
namic processes which depend on it. The different topolog-
ical changes in the loop covering induced by the dynamics
have been pointed out and visualized.
When energy is added to such a system which exceeds a
threshold value, closed strings, i.e., loops begin to break up.
In that case an open string has at its ends two particles with
charges + e
2
and − e
2
. This corresponds to half of an electron
and half of a hole with respect to the vacuum, i.e., the ground
state. The string connecting the two has a string tension which
is finite in the two-dimensional checkerboard case but is ex-
pected to be zero in the three dimensional pyrochlore lattice.
With increasing energy the number of open strings increases
and a plasma of fractionalized particles form until the string
picture looses its meaning.
When the electron spin is taken into consideration strings
are coloured according to the spins of the involved particles.
This has been explicitely discussed for a kagome´ lattice at 1
3
filling. Removal of an electron leads to an open string with
a spin 1
2
distributed all over the string. The same holds true
when the pyrochlore lattice is considered instead. We are deal-
ing here with a three dimensional system with spin-charge
separation. This contradicts common belief that the latter can
occur only in low-dimensional systems.
As noticed above strongly correlated electrons on frustrated
6lattices show features akin to particle physics. It would indeed
be strange if nature would realize certain phenomena only in
one field of physics and not also in others albeit in varied form.
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